We define the central extension Aut + (jR) of the automorphism group Aut + (R) of the extended affine root system. We give the action of Aut + (.R) on the flat theta invariants (theta functions). This describes the modular property for the flat theta invariants.
}; 4-a 9 = 0 .
According to a criterion [4] , [17] , this gives the semi-universal deformation. We call the parameter space (A, a t ), the parameter space S 0 of the semi-universal deformation.
Since a simply elliptic singularity has a unique C*-action, so does its semi-universal deformation space. Therefore the space of the semi-universal deformation is unique up to degree 0 parameter [11] . In this case, the degree 0 parameter is A, and A is identified with the value of the elliptic modular function /l(z) corresponding to the elliptic curve which appears when the Milnor fiber is compactified.
On the other hand, K. Saito introduced the notion of an extended affine root system, and he reconstructed the parameter space S of the semi-universal deformation as a quotient space of the affine half space E by the "extended affine Weyl group" W R . In this case, the degree 0 parameter is reBL, where H is a complex affine half space isomorphic to the complex upper half plane.
In order to compare these two constructions, we want to define the SL(2, Z) action on this deformation space S. Our main interest is to define the natural SL(2, Z) action on the space S.
(1.2) SL(2, Z)-actions on E and W R invariants were already introduced explicitly by Looijenga [7] , Kac-Peterson [3] et al. for most types of extended affine root systems. But there exist some types of extended affine root systems on which there is only an action of a subgroup of finite index of SL (2, Z) . Also this SL(2, Z) action is not unique. This means that a bigger group which has SL(2, Z) (or its finite index subgroup) as a quotient group, acts on the W R invariants.
In this paper, we introduce the automorphism group of an extended affine root system (in (3.1)), and construct its central extension by using the "holomorphic metric" (in (3.5) ). This explains why SL(2, Z) acts on the W R invariants, and gives the desired framework of the intrinsic and universal theory of the group which acts on the W R invariants.
(1.3) In [16] , certain W R invariants (theta functions) are specified to be the "flat theta invariants". In Theorem 4.7, we give the modular property for these theta functions.
The character for a representation of an affine Kac Moody Lie algebra can be considered as a special W R invariant, therefore our result can be considered to be a framework for the group which acts on these characters. §2. Extended Affine Root System
We recall some notations from Saito [15] , [16] . For details, one is referred to [15] , [16] . Then a v v = a and w^ = identity.
Definition 2.1. 1. A set R of non-isotropic elements of F is an extended affine root system belonging to (F, /), if it satisfies the axioms l)-4):
1) The additive group generated by R in F, denoted by Q(R), is a full sub-lattice of F. I.e., the embedding Q(R) c F induces an isomorphism: 2 with R l ±.R 29 then either R l or R 2 is void. 2. A marking G for the extended affine root system is a rank 1 subspace of rad (I) such that G fl Q(R) -Z.
The pair (R 9 G) will be called a marked extended affine root system. Two marked extended affine root systems are isomorphic if there exists a linear isomorphism of the ambient vector spaces inducing the bijection of the sets of roots and the markings. A generator of G fl Q(R) ^ Z, which is unique up Remark 1. For a root system R belonging to (F, I), there exists a real number c > 0 such that the bilinear form cl defines an even lattice structure on Q(R) (i.e. cl(x, x) e 2Z for x e Q(R)). The smallest such c is denoted by (I R : 1) and the bilinear form (I R : 1)1 is denoted by I R .
Remark 2. w a (a) = -a. Thus the multiplication by -1 is an automorphism of the extended affine root system. The image of R by the projection F -> F/rad (!) (resp. F -» F/G) is a finite (resp. affine) root system, which we shall denote by R f (resp. R a ). In this paper, we assume that the affine root system R a is reduced. (I.e. a = c(i for a, j8 e R a and c e R implies c e { ± 1}.)
Once and for all in this paper, we fix / -I-1 elements:
such that their images in R a form a basis for R a ( [9] ). We shall call them a basis for (£, G). Such a basis is unique up to isomorphisms of (R, G 
Remark. The choice of the basis <x 0 ,..., a, is done for the sake of explicit calculation, but it does not affect the result of the present paper. A change of the basis a 0 ,..., a z induces a change (a, b) to (a, b 4-ma) for some m e Z. 
QZZIIZZD if /(a,n = /03,a v ) = 2. Definition. For a marked extended affine root system (R, G), the codimen-EXTENDED AFFINE ROOT SYSTEM 7 sion, denoted by cod (R 9 G), is defined as follows:
Note. The exponents m/s introduced in 2) are half integers, which might have a common factor. We have:
The smallest common denominator for the rational numbers m t /m max (i = 0, ...,/) is equal to / max + 1( [15] ), where / max :=max{# of vertices in a connected component of r\F m }.
Thus we sometimes normalize the exponents as follows:
There exists a unique (up to a linear isomorphism) real vector space F of rank / + 3 with 1) an inclusion map F c F as a real vector space, 2) a symmetric form I: F x F -» R such that 7| F = I and rad (/) = Ra.
The pair (F, 7) will be called a hyperbolic extension for (F, I).
Denote by w a the reflection for a E R as an element of GL(F) and by P^R the subgroup of 0(F, I) (where, 0(F, 7) := {# e GL(F)\I(x, y) = I(gx, gy) Vx, y e F}) they generate. The restriction w a | F is w a . Thus we have a surjection W R -> W R and a short exact sequence:
where K^ is an infinite cyclic group generated by
and £: F ® F/G -> End (F) is the Eichler-Siegel transformation:
H R is a subgroup of jl^ defined as a kernel of the composite map:
We have the following diagram:
(2.6) A Family of Polarized Abelian Varieties over H
Let (R, G) be a marked extended affine root system and let (F, 7) be its hyperbolic extension. We define complex affine half spaces as follows: Via the projection, E and E are regarded as a total space of a family of complex affine spaces E x := (n o TC)"~I(X) and E x :=n~1(x) of dimension /+! and / parametrized by x e H, and E has an affine bundle structure on E. The action of the groups W R and W R on F and F fixes rad (/) pointwise. Hence the contragredient actions of W R and W R induce actions on E and E respectively. They are equivarient with the projections n and n (2.6.4). Naturally S w is a graded jT(H, 0 H )-algebra, and the grading is defined by fc. We prepare one more concept: the Jacobian J(0 l9 '" 9 0i+ 2 ) for a system of sections 0 t e S k . (i = 1,...,/ + 2) as an element of S k (k = £{i? fej given by the following relation:
The Jacobian is well defined, since a> : In this subsection, we introduce the automorphism group of R.
Definition 3.1. For the extended affine root system R <^ F, put Aut (R) := {g e GL(F)\g induces a bijection of R} .

Proposition 3.2. The extended affine Weyl group W R is a normal subgroup of Aut (jR), and Aut (R) is a subgroup of the orthogonal group 0(F, I).
Proof. The latter part follows from Saito [15] . The first part follows from the formula: gw^g' 1 = w ga for a e R, g e Aut (R). Q.E.D. The element g of the orthogonal group 0(F, I) induces a linear transformation of rad (/) by restriction. We denote this restriction map by p: p:0(F,/)->GL(rad(/)), (3.1.1)
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T:= p(Aut (R)).
Since each y e F induces an isomorphism of Q(R) D rad (/) (Z-free module of rank 2), the determinant of 7 equals ±1. We shall consider only the elements whose determinant equals 1. The relation between the Weyl group and these groups is given by the following diagram of exact sequences: (1) (/ > 2), £CP'
2) (2) (/ > 1)).
(See Saito [15] for these notations.) For these cases, we give the relation between the group Aut(jR, rad (I))/W R and the automorphism groups of the Dynkin graph of a finite and of an affine root system in Proposition 3.5. We fix one Z-basis a, b e rad (I) fl Q(R) such that Za = Q(R) fl G. We consider the following commutative diagram: , BCP' 2) (2). The space Fjf alf has a C* action induced from the C* action on the complex vector space Hom R (F, C), defined by (a/)(x) := a(/(x)) for /e Hom R (F, C) , xeF, aeC*.
We consider the following diagram:
The composite map of the C* quotient map and the natural inclusion E <^» F,f alf becomes an isomorphism. O + (F,1) acts on Fjf alf contragrediently, thus 0 + (F, I) also acts on Fj£ lf /C*. Using the above isomorphism (3.4.2), we can define the action of 0 + (F, I) and its subgroup Aut + (R) on E. (We call this action "the linear fractional transformation".)
Remark. Among the element of 0 + (F,/), only ±1 can be considered as a C*-action. Therefore, 0 + (F, /)/{ + !} acts on the space E faithfully. The subgroup 0(F, rad (/)) does not contain -id., hence 0(F, rad(/)) acts on the space E faithfully. We have the following diagram: 0 + (F,/)/{±l} acts on E faithfully and transitively, and SL(rad (/))/{±1} also acts on H faithfully and transitively. Hence E and H have the structure of homogeneous spaces. These groups act on the bundle E A H equivariantly. 
d(r o h)
We call the function ---an automorphic factor for h. di Now, we consider the following conditions on a holomorphic bundle isomorphism /: E -* E with respect to the affine bundle structure ft: E -> E.
Conditions. For a holomorphic bundle map /: E -> E, there exists the unique / 0 e 0 + (F, /)/{ ± 1}, such that where J| is the holomorphic metric on Dert defined in (2.8.5).
Definition 3.6, O|(F, /) := {/: E -> E holomorphic bundle isomorphism of TI: E -> E; which satisfies the above conditions (3.5.1), (3.5.2)} .
From the condition (3.5.1), we can define the homomorphism:
Since ----satisfies the cocycle condition with respect to the group di SL(rad (/))/{ + !}, Oj£(F, /) has a group structure by composition.
Remark. The Weyl group W R acts on the space E faithfully satisfying the above condition (3. We define the action of 0 (F, 1) on E through p lm
Remark. We have a natural embedding:
Hereafter we regard W R as a subgroup of O + (F, I) by the above homomorphism (3.5.6). Proof. We should only prove the exactness of the third row sequence. The other part of the proof of the diagram (3.5.7) is automatic. The action Aut + (R) on E is a linear fractional transformation, therefore we find that co is a closed 1-form. Since E is a simply connected space, we know that g(x, t) always exists, and that the ambiguity of g(x, t) is described by C, the translation of the affine bundle n: E -> E.
g(x, t) has the form of t + gi(x), therefore the condition (3.5.2) also implies that the map (3.5.9) becomes a bundle isomorphism of 7i:E-»E as an affine bundle.
Q By this diagram, we can reduce the proof to two parts: 1. (3.5.11) holds for g e 0(F, rad (I)). 1(3.5.11) holds for some lifting of SL(rad (/))/{ ±1} to Lemma 311. (3.5.11) holds for g e O(F 9 rad (/)).
Proof. We prepare some notations. F c := F ® R C. F c := F ® M C. Re C induces F c= F c . 7 C := the C-linear extension of 1, which gives a bilinear form on F c . 7 C := the C-linear extension of 7 ? which gives a bilinear form -/\ on F c . We define 0(F, rad (/)) as follows: (3.5.13) 0(F, rad (/)) := {g e 0(F C , l c ); g(F) c F, gf| F e 0(F, rad(/))} .
XX 'Ŝ
ince 0 e 0(F, rad (/)) satisfies the conditions of 0(F, rad (I)), we have the EXTENDED AFFINE ROOT SYSTEM 23 homomorphism:
(3.5.14) 0(>, rad (/)) -» O(F 9 rad (/)).
For g G 0(F, rad (I)), (3.5.11) holds on F. Therefore (3.5.11) holds for the image of the homomorphism (3.5.13). We show that 0(F, rad(/)) = 0(F, rad (/)). Since dim c rad (7) = 1, we have the following commutative diagram: In [16] , Saito introduced the non-degenerate holomorphic metric J* on the submodule 2F c Der s w, and proved that the Levi-Civita connection V on OF with respect to J* is integrable. He called the W R invariants associated to J*, the flat theta invariants. In this section, we study the action of Aut + (R) on the holomorphic metric J*, and in the Theorem 4.7, we shall describe the action of Aut + (R) on the flat theta invariants explicitly. In the rest of this paper, we assume that the codimension of the marked extended affine root system (R, G) equals one. (The notion of codimension was introduced in §2.) 
U&i
Multiplying by a function h e T(H, 0|), if necessary, we can take a highest degree generator 0 l which satisfies
